Week 1.5 : Multivariate distributions
Patricia Mares Nasarre
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Contents — Multivariate distributions

Bivariate Normal pdf (p=0.77)
1. Recap & motivation
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Recap Week 1

Deterministic vs Stochastic

Deterministic models are those which for some given inputs, always provide the same output. For instance, a
equation which gives the average concentration of CO, in a city as function of the traffic. For a certain value
of traffic, the model will always provide the same concentration of CO,. Therefore, these models that there
is no uncertainty. On the contrary, stochastic models are those which embrace the uncertainty. This is

PUHE%08 " AR+, -% " L /#0123 4 /% - /#5066

stochastic models will produce different outputs for a given input. In fact, the inputs and outputs of 16517 (*8' *18.

stochastic models are probabilistic distributions (you will learn more about this later!), which relate the values S

of the variable with the probability of observing it. 9#4) -1 (#&)*+* IRy (*0123*5 - 1444 (*# -y
- , - - -

And how do | choose between a deterministic and stochastic model? .$481860#7*4-108?

All systems, in reality, are stochastic to our eyes, since we never truly know the actual properties and inputs.
However, under certain circumstances, this stochasticity can be neglected. Let us take a look to some - 4<""p* / - ) ' -$#1 L™ #7
examples of deterministic and stochastic systems: ?

]
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Recap Week 4
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I"H#$9%6&' ($&)*+$,'- /&

What about Week 5? "0&3" $&(-*&"*$&
381 -2%$
"#$%&'(%'$)*
I Multi:
I Variate:

+9%,$(%-"$%./,
I We are going to keep having fun with uncertainty modelling!
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Why 1s that different to Week 4? =

We are studying the uncertainty in the ) ]

relationship between the height and shoe &5

size of people. 010
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Why is that different to Week 4?

We are studying the uncertainty in the
relationship between the height and shoe
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Why is that different to Week 4?

We are studying the uncertainty in the %
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Why is that different to Week 4?

We are studying the uncertainty in the
relationship between the height and shoe
size of people.
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Gust speed G [m/s]
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Why is that different to Week 4?
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Why is that different to Week 4?

"#$"%&')*+)$,-"#'(-)"#)*+-")).-$/0)-*)"12)*-2'# in engineering and
geosciences problems, as they are generated by the same drivers.

Some examples:

' Wave height and wave period,;

I Temperature, soil moisture and precipitation;

' Wind velocity and wind direction;

' Vehicle velocity and CO, emissions;

I Concentrations of nitrogen and phosphorus in water;
I Concrete compressive strength and tensile strength;
' And many more!
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Contents — Multivariate distributions

Bivariate Normal pdf (p=0.77)

1.

2. Set theory and basic operations

3. Continuous variables

9(Q1,03)

a. Extension to multivariate & empirical

computations

b. Measures of dependence

Multivariate Gaussian distribution
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Set theory and basic operations
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Basic definitions
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Basic definitions
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Discrete events

86AI8B<C<)"68

Event A
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EventB
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Discrete events

86A!8B<C<)"68

IA!I8B<C<)"IB
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Independence
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Discrete events
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Discrete events

86A!8B<C<)"68

Event A

IAI8B<C<)"IB

EventB
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Discrete events
L (+(,)- 16#134 .10
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Independence & conditional probability
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_ P(ANB)

Discrete events — conditional probability PAIB) = =55

L (+(,)- 16#134 ./0

86A!8B<C<)"68

Event A

IA!I8B<C<)"IB

EventB

TUDelft

J Lz . $481 846047 4-+1*

S BYCHH/<" " #4 - 1#) 1 "*50 " +1*
AE 1 #5841 A"S7 L " ES T E4A4 (™
ERA™ ™ - 184 1 "5+ LAASEH" ) "™
)$"" 196+-61A4$%(* . 4(#1) 641

9?MND@<C<)")6A)"68<C)")O

PQFR<-(4*$%(-<:1+</2S%$<.2-('=12+<
2=$<=&$',<*+<%+(<0$$/<$-.$=2"//I<
-(&+%7<'7'2%-(<'<TH&I<' %7 &I<7++-$<

A



Let's move to continuous variables

Extension to multivariate & empirical
computations
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Continuous vs discrete
3" [*4)5"#$"%&(

' What is a discrete variable?

>

' What is a continuous [

D

variable?

%
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Finite number of
possible values

Infinite number of
possible values

I"H$Y68 H#((&)*+*,-./01021&34&5"6 7 &89 #(;

388 390 392 394 396 386 400 402 404
parts per million by volume




From events to intervals

L 6*%,-$,7*7)5"#3$"%&'(
Take an infinite number of values so we evaluate them in an interval, %
%# &' ()*+ &- .
Examples: exceedance probability P(X > x)

L 8#*4)[$(1#'-')'S',-()-*)1*,-$,7*7() random variables: A — %
Instead of P(A) -/ (&' %
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Refresher: one random variable
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Extending to a higher number of random variables
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Empirical computations — one variable
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Empirical computations — one variable
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Empirical computations — two variables, joint prob
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Empirical computations — two variables, joint prob
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E<C<8\<
Empirical computations — two variables, OR prob +3-$sT(+%-
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E<C<8\<
Empirical computations — two variables, OR prob +3-$sT(+%-
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Empirical computations — two variables, OR prob +3-$sT(+%-

200

150

Q2(m?3/s)

50 1

(a) Q1 <100m3/s

100 A

%
TUDelft

; 200
e
: 150 A
l —
| ° 7
| on
o! ® & 100 A
IP.. =
[ [ ‘ | O'
e O sq e}
Fe e : 50 1
* @ |
|
|
; ! ; 0
0 50 100 150 200
Q1(m?3/s)
#1 9, @#. '> =?'DE’ » @BC>"
0*1 %, @#.. '> " =?'DE; , @BC>"
< < < <

(b) Q; <75m?3/s

100
L85 Q1 < 100m

3/suQy, < 75m3/s

< 910, @#. >"=?A , @BC>"=7*C
O68A8Y'66A8\ _ 6!A8\ C 6\A8\

|
o i °.
150 A :
— I o
o © | o
o o I o
o ..9 EIOO- .:..e
e ———‘.— ————————— O('\‘ v il ———r—————---:_
° »‘ e o ° tl‘s q o
e e 50 - 3"6."0:
* @ LA |} [
i
; . ; 0 ; ! ;
0 50 100 150 200 0 50 100 150 200
Q1(m?3/s) Q1(m3/s)
=7* C<6\A8\<C<)"|6<<< P(AUB)=P(A)+ P(B)— P(An B)
=>*C&(;, @#.. > ) =?2)8 ! (; 4y @BC> " =?)



Qz(m3/5)

Empirical computations — two variables, joint exceed

500 Q1> 100m?/sn Q, > 75m°/s 0 Q1< 100m*/s 0 Q; < 75m?s
| T
: |
] i _
175 i s, E ..
1507 i 150 - |
|
|
|
125 - | . . = ' . °
. P |
100 1 ol - 1 - £ 100 o! e
LX) -
75 t————m o-;_-__.;'.______..____.__ o - ——— ---r---—-——-:—
o 0% ¢ o " o of sql °
50_ a‘ ® .J. : . - ...-.l
o] o0 : «Q :
25 - i .
: 0 1
0 ! ! | ) L
0 50 100 150 500 0 50 100 150 200
Q1(m3/s) Q1(m?3/s)

%) < #. > =PA < BC> =2 C I(F<Q- #91 (FHG- #9 | %

lF<®RAI<KL#9!(F HG HK
< << <L L LKL IR <k, YK

]
TU De I ft 29-09-2025 37




Empirical computations — two variables, joint exceed
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Empirical computations — two variables, conditional
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Contents — Multivariate distributions
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Measures of dependence
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Measures of dependence "HSYEK) )+ H#-S "H,)06H#IS0 &S 1234

6*5"#%$",1' : measure of the joint variability of two variables

Cov(X1,X3) = E[(X1; — E(X1))(X2; — E(X2))] = E(X1X3) — E(X1)E(X3)

I Can take both positive and negative values
I Units equal to the product of the units of the analyzed variables

I High absolute values of covariance imply a strong relationship between
variables.

I If Cov(X.,X,)>0, high values of X. typically occur together with high values of X
I If Cov(X.,X,)<O0, high values of X. typically occur together with low values of X,
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Measures of dependence

6*5"#%$",1'9):"*4"-#3$1)$,-'#;#'-"-$*,
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%
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(a) Observations
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O

r Y
()
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Height (m)

PQRF, Ay) - SNIB ¢ 9 S(T()*%4e 9 S(T))*
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(b) Geometric interpretation

© Observations
——- Mean of height (m)
—=- Mean of BMI

o

T——r————————————————

()

[

(9]

1.750 1.775 1.800 1.825 1.850 1.875 1.900 1.925 1.950
Height (m)



Measures of dependence

6*5"#%$",1'9).*4"-#%$1)$,-'#,#'-"-$*, PQRF, ;) - SMB, g9 S(T()*%4g 9 S(T))*
(a) Some rectagular areas (b) Average area
? & o “ 0.3 1 /4, 4, /]
\\ W,
26 1~ \\i‘\\\i """" 02 // // //

INN\\eumW7 77

NN 7

20 A

l T T T T 0,0 T T T T T
1.750 1.775 1.800 1.825 1.850 1.875 1.900 1.925 1.950 0.0 0.1 0.2 0.3 0.4 0.5

%
TU Del Height (m) Height (m)




Measures of dependence

6*5"#%$",1' : measure of the joint variability of two variables

Cov(X1,X5) =E[(X1,; — )(Xz,i )]

Let's do an example!
Ki* Jgm <t (<%l (H | Ke* J1A™ 2 "E 1 #5696k

6 6"D

) )"\

8] I"c

8 )"6

I\ 6"]

6b 8"l
£R?%@CIb<A- R?a,@C!"cb<,
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Measures of dependence

6*5"#%$",1' : measure of the joint variability of two variables

Cov(X1, X,) = ]E|(X1,,- — ]E(Xli)(Xz,i — E(X3))]

Let’'s do an example!

K J0m <A (<006l QH | KooRIA™ 2 IE #00%H | @MPKNCOK, HO%L(H | @05 KCOK- HGo6H
16 6"b |
) )"\
g] e
8 )6
\ 6"
6b 8"l
gR?a@Clb< A- R?2a,@C!"ch<,

R?HYH@CB")8
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Measures of dependence

6*5"#%$",1' : measure of the joint variability of two variables

Cov(X1,X5) = E|(X1,,- = E(Xl*)(Xz,i — E(X3))]

Let's do an example!

Ko J0 < (<0l | Koo JLA™ 2 E - #6%6H | MK NCOK, HE%L(H | @OMK.NCEK.HGO%H | @M*P*@O*6%L(PY%H
16 6"b 8 )"ch %6"6b
) )"\ Xb X"8b 6)"6b
8] I"c 6! X"b X")b
8 )"6 X6 X"bb IB"]
\ 6"] X )"Bb X"Bb
6b 8"l ) "8 18"p
£R?%@Clb<,A- R?a@C!"ch<,

TUDelft
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Measures of dependence 44T 76,G< . @CB")B2A-

6*5"#%$",1' : measure of the joint variability of two variables

Cov(X1,X3) = E[(X1; — E(X1))(X2; — E(X2))] = E(X1X3) — E(X1)E(X3)

I Units equal to the product of the units of the analyzed variables

I High absolute values of covariance imply a strong relationship between
variables.

I If Cov(X.,X,)>0, high values of X. typically occur together with high values of X
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Measures of dependence 44T 76,G< . @CB")B2A-

6*5"#%$",1' : measure of the joint variability of two variables

Cov(X1,X3) = E[(X1; — E(X1))(X2; — E(X2))] = E(X1X3) — E(X1)E(X3)

I Units equal to the product of the units of the analyzed variables

I High absolute values of covariance imply a strong relationship between
variables.
!

131581) Qo™ 4 (#1 " <1$<iR"<*
! 06" 1 (/3" S <l--0) /6844*) 4% . 1§
<g--"'$ T LS (44917 <4%*

ALSELSE" (*5b = *<h--""$"" " #+/ " (

%
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Measures of dependence SAHHY HSYMHB" ) %" 6B HT 136>~

<"#(*,0()1*##'&"-$*,)1*'++$1%',-  : assesses the linear correlation between
two random variables.
o= Cov(X, X5) _ " (X1 — X1)(Xg — X))
0x,0X, \/Z?zl(Xlz‘ N A Lh R b. O o

Values between -1 and 1, regardless the units of the random variables.
0 1 2)random variables are uncorrelated or independent.
0 3 2)if one variable increases, the other one tends to increase.

0 1 $ 458b: knowing one variable implies | know the other variable through a linear
;Elationship.

TUDelft



Measures of dependence SAHHY HSYMHB" ) %" 6B HT 136>~

<"#(*,001*##'&"-$*,)1*'++3$1%',- : assesses the linear correlation between
two random variables.
3 P = —1 3 3 P — 1
. 7
s /

w
w
w
w

‘ ; i
I U De‘ -2 0 2 -2 0 2 -2 0 2 -2 0



Contents — Multivariate distributions

Bivariate Normal pdf (p=0.77)
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Multivariate Gaussian distribution
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Multivariate Gaussian distribution
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Modelling the joint distribution

=2>)I1$)?")7();"#"4"-#$1)/S(-#3%7-$*,()$,)?" @)AB

[ Observations |

0,040 - 1| —— Nomal I Infer probabilities we have not observed

0.035 - / \
1

0.030 - J \ I Make easier/faster computations

0.025 - / \
g ! \

i \ C"4")2*&/()+*#)47&-$5"#$"-")I$(-#$%7-$*,(D

0.015 - / \

0.010 ~ U \

0.005 1| K
/4 S
v ~

0.000 T T T T
150 160 170 180 190 200

Height (cm)

{
JTubvelrt



Which distributions?

5,$=,+$A/-($($E-A$ 3"$ K
E'#F)*,&>)-2)47&-$5"#$"-):"7(($",)/$(-#$%7-$*,9 L,$($!RS< M

7),"$N1#)$,-$4),*/*&28&(&:%
=2>B 0,9%#22&->$

I It can be manipulated analytically — wide range of applications
I Reliability
I Propagation of uncertainty (week 6)
I Observation theory (weeks 7 and 8)
| Between others
I First approach to model dependence

]
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The model: multivariate Gaussian distribution
G5 #$"-)"7(($",)/B(-#$%7-$*,)<H8I

b,(x1,22) = 1 exp ( (‘”1;1“1) _ (2/0(371_511()72332—@)) + (ma;fz) )

27T0'10'2\/1—p2 2(1—p2)

where

I 7,8%,%, denotes the PDF of the bivariate Gaussian distribution of X. and X,
L ;9 ware the means of X. and X,

I <,/9<yare the standard deviations of X. and X

I 0 is the Pearson’s correlation coefficient of X. and X,

%
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The model: multivariate Gaussian distribution
G5 #$"-)"7(($",)/B(-#$%7-$*,)<H8I

e CE) L) ()
exp | —

27’(‘0’10’2\/1—[)2 2(1_[)2)

¢p(w1a 332) —

J)1",)%" W ?#$--',)$,) 4"-#$1$"&+*H4)"(

1 1 0‘% CO’U(Xl,Xz)) - (iL‘l — /.Ll)
T1,T3) = exp | =5 (&1~ H1 &2 —
o \/(27r)2 o2 Cov(Xy,X>) v 2( L w2 ) (CO”(Xl’Xz) o3 T2 — K2

Cov(X1,X3) o3
%
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The model: multivariate Gaussian distribution

GS5"#$"-):"T(($",)/$(-#$%T-$*,)<H8I

1 0'% CO’U(Xl,Xz) I’ 1 — M1

Xp (_zlml —H1 T2 T ,uz) [CO’U(Xl,Xg) 0'%) (1172 _ Z21)

\/ (2r 1 OHFSTA()  7.10&/-#3010&9 ST0)
7,1)&/-:#$0/()&9

6*4;#'(('/)+"(2%%,

¢P(m1’ :122) -

o? C’o'v(Xl,Xz)
CO’U Xl,Xz) 0'2

= L ex —l x—p)!'E (e —
¢p(w1,wz)—\/(27r)2|zl p( 2( p)” 3B u))

%
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The model: multivariate Gaussian distribution

G$5"#S"-):"T(($",)/$(-#$%7-$*,) 6H8 |

(I)X1,X2(w17332) — P(Xl < mlaX2 = 332 / / ¢p 31732)d31d32

where
I =x x. 8%y denotes the CDF of the bivariate Gaussian distribution of X. and X,

No closed form of the integral!

%
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The model: multivariate Gaussian distribution

Bivariate Normal pdf (p=0.77) Bivariate Normal c.d.f (p=0.77)

_ i
_ a' o ‘ ‘
g 6"4_ os0 T ‘ }
S v |

Q.




Multivariate Gaussian distribution: marginals

GS5"#$"-):"T(($",)/$(-#$%T-$*,)<H8I

1 1 0'2 CO’U(Xl X2) ! 1 — M1
Gp(z1,2) = exp (—(ml — p1 Ty — H2) ( , %)

p oy 2 Cou(X,, X,) 2 Cov(X1,X5) 03 Ty — o
CO’U(Xl,Xz) 0'%

J+)3)4*['&)-2V)$(-#$%7-$*,)*+)K, ",NK . 7($,L)")%$5"#$"-"):"7(($",)
I$(-#3%7-$* F2*?)$()-2')7,35"#$"-") IS (-#$% 7-$*,)*+)K .B

Gaussian!

%
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Multivariate Gaussian distribution: marginals

—

I"H$%8()"*)+,) -./0$.1&$

%
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Multivariate Gaussian distribution: fitting

GS5"#$"-):"T(($",)/$(-#$%T-$*,)<H8I

1 1 o2 Cov(Xl,Xz)) - (ml - ul)
) = e —_— — —

¢p(z1, T2) oy 0_% Cov(X,, X) Xp ( 2(“71 P Ty — 42) (CO'U(X1,X2) 0'% Ty — U2
CO’U(Xl,Xz) 0'%

35 )M-"H)K HK WF)2*¥?2)11))+5-)-2)"%*5")/$(-#$% 7-$*,B

By moments!

| can compute ; /9 w </FKpn>?@BAA to define the covariance matrix and the
vector of means.

%
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Multivariate Gaussian distribution: conditionalizing
=2"-)2";;,()-)-2)$(-#$%T7-$*,)*+)K  L$5')-2")0)@,*?)-2')5"&7")*)K  .B

This is, the 01-2+#+1-'3$2+ #(+4"#+1-$1585-$6 .

"H$90" &' (#) (*+,--.+(0.-&". 1,&.H#/2

I"HSVO&H (B HE" #)*+,&- # *01(#*2(#2&/+$13#4*5 [*+GHST (FHST (HBE&+,/$I&+*1#,/'$)/05S
8" H&+(H (SHB&+ /DI &+ HEQHES T VHIH*O* | +HA*5" [*+

b/ & +#

| L/+"&/-$%& ()& +(&,-$&'$P.)&H#-%2=QISAHS" | 1#$/-1 286RNH" & -

%
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Multivariate Gaussian distribution: conditionalizing

(GG - VNZ[ %™

R'&->$("#3%#.8-&(&,-$,.5;,-%8(&,-12$%#-'&(=<$)#: 24 &=359-%$%, &->S("HSS+-:2#/'/-(T$
[25#%)/<$AHS *(/&-$$

p=p1+ 125 (@ — pa)
=%, - E1222_21221

X X
where g is the known value of X, (here, Q,) and X = ( - 12)
IPNY

%
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Conditional bivariate Gaussian distribution - example

P (94) 5 (4171000\  4oTg0,Cl), 3A-G<1'(<2-<(18<
78 1000 352 *2-(&234(2+%<+8<Z

= p + 225 (a— pe)

%=3%y- Z19E5) By

%
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Conditional bivariate Gaussian distribution - example

P (94) 5 (4171000\  4oTg0,Cl), 3A-G<1'(<2-<(18<
78 1000 352 *2-(&234(2+%<+8<Z

£ =94+ 1000 x (352)~! x (100 — 78) ~ 112.0

35 =412 — 1000 X (352)7 x 1000 = 864.7 — 04, [z,—q = 29.4

= p+Ep30 a— po)

%=3%y- Z19E5) By

%
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Conditional bivariate Gaussian distribution - example

i (94) 5 (412 1000) #2TSYZ,CY)), 3A-G<:1'(<2-<(1$<

78 T \1000 352/  *2-(&234(2+%<+8<Z
1.0 T T T
—— Q1 ~N(94, 41) A
~—- Conditional | , ~N(112,29.4)
0.8 /L
/
/
7
/
~ 0.6 /
c 4 !
Vi /
6 / I'
T 0.4 v
/ |
/
/
‘I
0.2 7
/ Y
0.0 F——====7

"0 50 100 150 200

5
T U D e I ft qi(m3/s)



Conditional multivariate Gaussian distribution - example

*9 We can extend the covariance matrix on a higher
number of dimensions.
Z4
94 412 1000 475
B = (78) ES (1000 352 520)
£z 12 475 520 272

Given p=22mm/h, what is the distribution of Q. and Q, ?

Note: it is a bivariate margin!!

%
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Conditional multivariate Gaussian distribution - example

o We can extend the covariance matrix on a higher
‘ot number of dimensions.
Z 94 412 1000 475
p=178 > = | 1000 352 520
Z, 12 475 520 272

We can extend the analytical equation to conditionalize the bivariate Gaussian distribution to the 3D
multivariate Gaussian distribution to compute (&1, Zo|z3 = a) ~ N (i, ) as

N K1 213) 1
= + Y5 (@ — ps)
K (#2) (223 53

fuDelft = (35) - (32)



More than two variables?

o (% 4171000475\ | g1#-SUVVOOW"<SA"/($&'S("#$
Y H=178] 3 =11000352520 | 06&'()&*+(& -3, $H-%$X, K$
12 475 520 272

How do you expect the
univariate distributions to be?

N K1 213> ~1
= + Ygs (@ — p3)
H (#2) <223 5
A Y12 P
S= (212 - (28 )25 (B3 Ba)
Y91 gy a3

%
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More than two variables?

78 1000 352 520 | 96&'()&*+(&,-$, $H-%$X, K$

) (94) 4171000 475\ | @ 1#-SUVVOOW"<$A"/($&'S("H#$
—_— 2 —
12 475 520 272

R H1 213 -1
= > —
# (Mz) " (223) 52 (9~ )

A Yix pX
Y= ( H 12) — ( 13) Yo (B13 Xa3)

221222 223

%
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More than two variables?

o (% 4171000475\ | g1#-SUVVOOW"<SA"/($&'S("#$
Y H=178] 3 =11000352520 | 06&'()&*+(& -3, $H-%$X, K$
12 475 520 272

L (94) | (4T5\,. ., 100.5
= 22— 12) =
. (78) * (520) (27%)7( ) (85.1)
5
() e
B 23 . [4121000\  [475\, .., 4121000\  [309.5 338.8 1372.5 661.2
$ = = (272)~1 (475 520) = = =
1000 352 520 1000 352 338.8 370.9 661.2 854.1
> 5
Y= ( H 12) - ( 13) Y35 (Z13 Taz)

221222 223

%
TUDelft



More than two variables?

o (% 4171000475\ | g1#-SUVVOOW"<SA"/($&'S("#$
Yy H=178] 3 =11000352520 | 06&'()&*+(& -3, $H-%$X, K$
12 475 520 272
Z4
1.0 1.0 ———
— Q1~N(94,41) — Q2~N(78, 35)
Z

-== Conditional Q, ~ N(100.5, 37.0) -== Conditional Q, ~ N(85.1, 29.2)
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More than two variables?

200
‘ o] _— UncoTu.:Iltlona! d|§tr|§ut|on 0.00014
YY) 175 4 ---- Conditional distribution
0.00012
150
0.00010
125 A
S 100 - 0.00008
D 0.00006
=0 0.00004
25
0.00002
0

0 25 50 75 100 125 150 175 200
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Contents — Multivariate distributions

Bivariate Normal pdf (p=0.77)
1. Recap & motivation

2. Set theory and basic operations

3. Continuous variables i
!"#$%&l ‘ 5 |
a. Extension to multi ()*$+ .

computations

b. Measures of dependence

Gy % e " g
Multivariate Gaussian distribution
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What] s next? Bivariate Normal pdf (p=0.77) -

I There is more in the textbook!

9(Q1,02)

LA AP
S — 9/ _—
e

_—
=
—

S
N

I PA: let’s do cool 3D plots and contours

10

I Wednesday workshop: Starve or not to

-0.090

-0.075

starve?

r0.060

AX3 [tons]

-0.045

r0.030

r0.015 |

I G T O O I

-0.000 H¥

| Friday project: Gaussian & Furious!

]
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AX2 [tons]



And enjoy the journey!
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