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Deterministic → If input is ‘a’, output will 
always be ’b’

Stochastic → If input is ‘a’, what is the 
probability of ‘b’

Recap Week 1

Model uncertainty



Recap Week 4
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Recap Week 4
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!"#$%&'($&)*+$,'-.*'/&
"0&"*$&1-,.-2%$



What about Week 5?
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!"#$%&'(%'$)*
! Multi: more than one
! Variate: random variable

+%,$(%-"$%./,
! We are going to keep having fun with uncertainty modelling!

!"#$%&'($&)*+$,'-.*'/&
"0&3",$&'(-*&"*$&
,-*#"3&1-,.-2%$



Why is that different to Week 4? 
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We are studying the uncertainty in the 
relationship between the height and shoe 
size of people.

!"#$%&'#$'()$%)$*+,,+-./
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We are studying the uncertainty in the 
relationship between the height and shoe 
size of people.

!"#$%&'#$'()$%)$*+,,+-./

!" #$%$&'($ !)) &'%*+, -',./$- 0&+, (1$
*2-(&234(2+%+0-1+$ -25$"

6" #$%$&'($ !)) &'%*+, -',./$- 0&+, (1$
*2-(&234(2+%+01$271("

8" 9'2&(1$ (:+ -$(- +0-',./$- "



Why is that different to Week 4? 
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We are studying the uncertainty in the 
relationship between the height and shoe 
size of people.

!"#$%&'#$'()$%)$*+,,+-./

!=:&;/22=<$(.4($,&5$"5%$&)6$&%-,4$,&6("$&6.7$68

?+'($*=$;"/)/;(#)&@&->$.*#$5$*#$*'%/ ("#$
%&'()&*+(&,-$,.$("#$(A,$)/-%,0$1/)&/*2#'$.6&*"'&

$*")4(&'"&-++")*'&0",&'($&,$%-'."*6(.5
*#(A##-$("#08



Why is that different to Week 4? 
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We are studying the uncertainty in the 
relationship between the height and shoe 
size of people.

!"#$%&'#$'()$%)$*+,,+-./

!=:&;/22=<$(.4($,&5$"5%$&)6$&%-,4$,&6("$&6.7$68

?+'($*=$;"/)/;(#)&@&->$.*#$5$*#$*'%/ ("#$
%&'()&*+(&,-$,.$("#$(A,$)/-%,0$1/)&/*2#'$.6&*"'&

$*")4(&'"&-++")*'&0",&'($&,$%-'."*6(.5
*#(A##-$("#08



Why is that different to Week 4? 
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Why is that different to Week 4? 
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!"#$"%&'()*+)$,-'#'(-)"#')*+-',).-$'/0)-*)'"12)*-2'# in engineering and 
geosciences problems, as they are generated by the same drivers. 
Some examples:
! Wave height and wave period;
! Temperature, soil moisture and precipitation;
! Wind velocity and wind direction;
! Vehicle velocity and CO! emissions;
! Concentrations of nitrogen and phosphorus in water;
! Concrete compressive strength and tensile strength;
! And many more!
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Contents – Multivariate distributions

1. Recap & motivation
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4. Multivariate Gaussian distribution



Set theory and basic operations



Basic definitions
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! 8-35%$&65-+$&98:;&;,22#;(&,-$,.$/22$:,''&*2#$,+(;,0#'$/)&'&->$.),0$/-$#9:#)&0#-($("/($&-1,21#'$
;"/-;#8

! <1$*';& ':#;&.&;$,+(;,0#$,)$'#($,.$,+(;,0#'$.),0$("#$#9:#)&0#-(

!"#$%&'#((&)*+*,-./0102!&34&5"67&
89#:#(&$(&;$<=%(=>&?%>=@&""&ABCD7&EFGF

==>$-#6?&>$-#6@?
=>$-#6?&A-.%6@?
=A-.%6?&>$-#6@?
=A-.%6?&A-.%6@@

B&C



Basic definitions
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! D,"2-2.%.'/&"0&-*&$1$*';

! D,"2-2.%.'/&"0&'($&+"35%$3$*';

=E?&B?&F?&G?&H?&I@E&C & . ) . / 0 1 23.4

& 5. ) . *6 & . 1 *2378

;',./$<-.'=$> 9?!@>

! "# >



Discrete events

29-09-2025 17

;

! " # $

Probability of the sample space:

A: The favorite ice cream flavor 
of a MUDE student is pistachio

B: A MUDE student believes that 
could win a fight against a 
Goose (very angry)

! "#$%&'(#)*#'+*',+&-!*./ 0+1#'&2
!"#$%&'())*+,!'-&'./0*'1#2%+30-4+'5)%43

!!A!8B<C<)"!B86A!8B<C<)"68

J$&+-*&2$''$,&K*"L&!MN<&
6')#$*'6&'(-*K6&'"&!-CO



Discrete events
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; Is it possible that A and B occur 
at the same time?

DEF<+&<2%($&-$=(2+%G<$%&' ( ') *

! "#$%&'(#)*#'+*',+&-!*./ 0+1#'&2
!"#$%&'())*+,!'-&'./0*'1#2%+30-4+'5)%43

!!A!8B<C<)"!B86A!8B<C<)"68

Any idea on how to calculate?



Independence
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! P*#$5$*#$*+$;

B$/-% C /)#$;,-'&%#)#%$&-%#:#-%#-(.0&-*#&"*%/&.0("#$BD5$:),*/*&2&(=<$& 9 : ; <;/-$*#$
./;(,)&@#%$&-(,$("#$:),%+;($,.$("#&)$:),*/*&2&(&#'8

& 9 : ; ) & 9 &"; $



Discrete events
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; Is it possible that A and B occur 
at the same time?

DEF<+&<2%($&-$=(2+%G<$%&' ( ') *

! "#$%&'(#)*#'+*',+&-!*./ 0+1#'&2
!"#$%&'())*+,!'-&'./0*'1#2%+30-4+'5)%43

!!A!8B<C<)"!B86A!8B<C<)"68

Assuming independence:

! + ( , - . /01'2 '. /#3 4 . /.5

According to MUDE student 
responses:

! + ( , - 16#13 4 . /.0

H1$&$<,'I<3$<-+,$<
*$7&$$<+0<*$.$%*$%=$>



Discrete events
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; Is it possible that A and B occur 
at the same time?

Is it possible that none of them 
occur?

D&$'<+4(-2*$<3+(1<=2&=/$-<2-<%+(<
5$&+"

! "#$%&'(#)*#'+*',+&-!*./ 0+1#'&2
!"#$%&'())*+,!'-&'./0*'1#2%+30-4+'5)%43

!!A!8B<C<)"!B86A!8B<C<)"68



Discrete events
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; Is it possible that A and B occur 
at the same time?

Is it possible that none of them 
occur?

Is it possible that either of them 
occurs?

JK<+&<4%2+%G<$%&' 7 ') *

! "#$%&'(#)*#'+*',+&-!*./ 0+1#'&2
!"#$%&'())*+,!'-&'./0*'1#2%+30-4+'5)%43

!!A!8B<C<)"!B86A!8B<C<)"68

! + ( , - 16#13 4 . /.0

! + 7 , - . /01 8 . /#3 9 . /.0 - . /1:



Independence & conditional probability
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! P*#$5$*#$*+$;

B$/-% C /)#$;,-'&%#)#%$&-%#:#-%#-(.0&-*#&"*%/&.0("#$BD5$:),*/*&2&(=<$& 9 : ; <;/-$*#$
./;(,)&@#%$&-(,$("#$:),%+;($,.$("#&)$:),*/*&2&(&#'8

& 9 : ; ) & 9 &"; $

! Q"*#.'."*-%&5,"2-2.%.'/;&

4),*/*&2&(=$,.$/-$#1#-($>&1#-$("/($/-,("#)$#1#-($&'$E-,A-$(,$"/1#$,;;+))#%8

Today we will see how to 
compute P(A ( B) when random 
variables are not independent

L0<2%*$.$%*$%(



Discrete events – conditional probability
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; What is the probability of a 
MUDE student that can win a 
fight with a very angry goose 
given that their favorite ice 
cream flavor is pistachio?

9?MND@<C<)")6A)"68<C)")O

PQFR<-(4*$%(-<:1+</2S$<.2-('=12+<
2=$<=&$',<*+<%+(<0$$/<$-.$=2'//I<
-(&+%7<'7'2%-(<'<T$&I<'%7&I<7++-$<

!

! "#$%&'(#)*#'+*',+&-!*./ 0+1#'&2
!"#$%&'())*+,!'-&'./0*'1#2%+30-4+'5)%43

!!A!8B<C<)"!B86A!8B<C<)"68

! + ( , - 16#13 4 . /.0



Let’s move to continuous variables

Extension to multivariate & empirical 
computations



Continuous vs discrete
3",/*4)5"#$"%&'(

! What is a discrete variable?

! What is a continuous 
variable?

Finite number of 
possible values

!"#$%&'#((&)*+*,-./0102!&34&5"67&89#:#(;

Infinite number of 
possible values

! "#$%&'()*$+,-%$.%/01#&!,2%,"(&#$#(0,3(4*&0*5,6&5*$,77,89,:;<;

!7#$2=&,>(=?(5*,(&,@#$1AB0,C(5DE$=F=0FA*$*+,GF$(3,:<HI,C=&1A3%,
G)*$#.*!,2%,G1J=0FA*$(4,K&L$#$*5,M=6&5*$



From events to intervals
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! 6*,-$,7*7()5"#$"%&'(

Take an infinite number of values so we evaluate them in an interval, %.
%# & ' ( )* +, & - .

Examples: exceedance probability P(X > x)

! 8#*4)/$(1#'-')'5',-()-*)1*,-$,7*7() random variables: A → %
Instead of P(A) → / & ' %



Refresher: one random variable
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! !"#$ %&'()&*+(&,-$,.$("# $)/-%,0$ 1/)&/*2#$3$"/'$/$
456$! ! "#$ /-%$/$756$%! "#$8$!"#$756$&'$("#-$
%#.&-#%$/'

& ' ( # ) %! # ) *+
" #

$

! ! # ,#

!"#$#9:)#''&,-$/*,1#$;/-$*#$/::2&#%$/2',$,1#)$/-$
&-(#)1/2<$- <$*=$;"/->&->$("#$2&0&('$,.$("#$&-(#>)/28



Extending to a higher number of random variables
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! F9(#-%&->$(, $'L" &,-*#"3&1-,.-2%$6 <$("# $!"#$%"$&'()"*&%"!+&",-(,.$("# $)/-%,0$1/)&/*2#'$3$ /-% $
G$"/'$/$456$ ! !% "#<=$ /-%$/$756$%!% "#<=$8$!"#$756$&'$("#-$%#.&-#%$/'

& ' ( #<> ( = ) %!% #<= ) *+
" #

&

+
" #

$

! !% #<= ,#,=

!"#$#9:)#''&,-$/*,1#$;/-$*#$#9(#-%#%$(,$/$ (.4($,&*)32$,&"0&1-,.-2%$6& %#.&-&->$.+/&"#$%"$&'(
)"*&%"!+&",-*0!"#=$;/-$/2',$*#$;/22#%$1,"-&()"*&%"!+&",-*8$H($;/-$/2',$*#$/::2&#%$,-$/-$&-(#)1/2<$- 8

I#$;/22$.$%2"-$/()"*&%"!+&",-((,$("#$+-&1/)&/(#$%&'()&*+(&,-$/'',;&/(#%$A&("$/$'&->2#$)/-%,0$
1/)&/*2#$("/($&'$:/)($,.$/$0+2(&1/)&/(#$%&'()&*+(&,-8$F8>8J$&-$("#$:)#1&,+'$'2&%#

DEFU
V+2%(<.&+3'32/2(IAW+2%(<%+%X$Y=$$*'%=$<.&+3'32/2(I

! %; ! < =#.. '> " ?*



Empirical computations – one variable
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Z 1

Z 2

RY',./$<='-$[<*2-=1'&7$<+0<
(:+<&2T$&-</+='($*<=/+-$<3I

! %; ! < =#.. '> " ?* C<!!A8\<C<)"86<<<

E<C<8\<+3-$&T'(2+%-



Empirical computations – one variable
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Z 1

Z 2

RY',./$<='-$[<*2-=1'&7$<+0<
(:+<&2T$&-</+='($*<=/+-$<3I

! %; ! < =#.. '> " ?* C<!!A8\<C<)"86<<<

E<C<8\<+3-$&T'(2+%-



Empirical computations – two variables, joint prob
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Z 1

Z 2

RY',./$<='-$[<*2-=1'&7$<+0<
(:+<&2T$&-</+='($*<=/+-$<3I

! %; ! @ =#.. '> " ?A; # @ =BC'> " ?* C<6!A8\<C<)"]6<<<

E<C<8\<+3-$&T'(2+%-



Empirical computations – two variables, joint prob
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Z 1

Z 2

RY',./$<='-$[<*2-=1'&7$<+0<
(:+<&2T$&-</+='($*<=/+-$<3I

! %; ! @ =#.. '> " ?A; # @ =BC'> " ?* C<6!A8\<C<)"]6<<<

E<C<8\<+3-$&T'(2+%-



Empirical computations – two variables, OR prob
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#*'! %; ! @ =#.. '> " ? 'DE'; # @ =BC'> " ?* C<6\A8\<C<)"]6<<<

E<C<8\<
+3-$&T'(2+%-

0*'! %; ! @ =#.. '> " ? 'DE'; # @ =BC'> " ?* C<! ; ! @ =#.. '> " ? 8 ! ; # @ =BC'> " ?
< < < < < 9 ! %; ! @ =#.. '> " ?A; # @ =BC'> " ?* C

C68A8\̂ 66A8\_ 6!A8\ C 6\A8\



Empirical computations – two variables, OR prob
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#*'! %; ! @ =#.. '> " ? 'DE'; # @ =BC'> " ?* C<6\A8\<C<)"]6<<<

E<C<8\<
+3-$&T'(2+%-

0*'! %; ! @ =#.. '> " ? 'DE'; # @ =BC'> " ?* C<! ; ! @ =#.. '> " ? 8 ! ; # @ =BC'> " ?
< < < < < 9 ! %; ! @ =#.. '> " ?A; # @ =BC'> " ?* C

C68A8\̂ 66A8\_ 6!A8\ C 6\A8\



Empirical computations – two variables, OR prob
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#*'! %; ! @ =#.. '> " ? 'DE'; # @ =BC'> " ?* C<6\A8\<C<)"]6<<<

E<C<8\<
+3-$&T'(2+%-

0*'! %; ! @ =#.. '> " ? 'DE'; # @ =BC'> " ?* C<! ; ! @ =#.. '> " ? 8 ! ; # @ =BC'> " ?
< < < < < 9 ! %; ! @ =#.. '> " ?A; # @ =BC'> " ?* C

C68A8\̂ 66A8\_ 6!A8\ C 6\A8\



Empirical computations – two variables, joint exceed
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! %; ! < =#.. '> " ?A; # < =BC'> " ?* C<!)A6\

1 -

! F < G - #' 9 ! F' H G - #' 9 I %G*
! F < GAJ < K L #' 9 ! F' H GAJ H K

< <<<<<<<<<<<<L #' 9 I $%%GAK*

75



Empirical computations – two variables, joint exceed
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! %; ! < =#.. '> " ?A; # < =BC'> " ?* C<!<X! %; ! @ =#.. '> " ? 'DE'; # @ =BC'> " ?* C<
C<#' 9 M! ; ! @ =#.. '> " ? 8 ! ; # @ =BC'> " ? 9 ! ; ! @ =#.. '> " ?A; # @ =BC'> " ? NC
C<#' 9 ! ; ! @ =#.. '> " ? 9 ! ; # @ =BC'> " ? 8 ! ; ! @ =#.. '> " ?A; # @ =BC'> " ? -

- #9 68A8\<_<66A8\<̂ <6!A8\ C !)A8\



Empirical computations – two variables, conditional
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! %; # < =#C. '> " ?O; ! < =#1. '> " ?* C<6<A<]<
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Contents – Multivariate distributions

1. Recap & motivation
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a. Extension to multivariate & empirical 
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b. Measures of dependence

4. Multivariate Gaussian distribution



Measures of dependence



Measures of dependence

6*5"#$",1' : measure of the joint variability of two variables

!"#$%&'$()"*)+,#-$ "#,)%#./$0'&$ 1234 /

! Can take both positive and negative values
! Units equal to the product of the units of the analyzed variables
! High absolute values of covariance imply a strong relationship between 

variables.
! If Cov(X" ,X! )>0, high values of X" typically occur together with high values of X!

! If Cov(X" ,X! )<0, high values of X" typically occur together with low values of X!



Measures of dependence

6*5"#$",1'9):'*4'-#$1)$,-'#;#'-"-$*, PQRF! AF# - SM%F! &' 9 S T( *%F#&' 9 S T) *`



Measures of dependence

6*5"#$",1'9):'*4'-#$1)$,-'#;#'-"-$*, PQRF! AF# - SM%F! &' 9 S T( *%F#&' 9 S T) *`



Measures of dependence

6*5"#$",1' : measure of the joint variability of two variables

Let’s do an example!

R?a1@C!b<,A- R?a1@C!"cb<,

X! : Wind speed (m/s) X" : Wave height (m)
!6 6"b

) )"\

8] !"c

8 )"6

!\ 6"]

6b 8"!



Measures of dependence

6*5"#$",1' : measure of the joint variability of two variables

Let’s do an example!
X! : Wind speed (m/s) X" : Wave height (m) T1: X!#-E(X! ) (m/s) T2: X"#-E(X" ) (m) T1 x T2 (m/sxm)

!6 6"b X8 )"cb X6"6b

) )"\ X!b X!"8b 6)"6b

8] !"c 6! X)")b X!")b

8 )"6 X!6 X!"bb !B"]

!\ 6"] X! )"Bb X)"Bb

6b 8"! !) !"8b !8"b

R?H1YH2@CB")8
R?a1@C!b<,A- R?a1@C!"cb<,



Measures of dependence

6*5"#$",1' : measure of the joint variability of two variables

Let’s do an example!
X! : Wind speed (m/s) X" : Wave height (m) T1: X!#-E(X! ) (m/s) T2: X"#-E(X" ) (m) T1 x T2 (m/sxm)

!6 6"b X8 )"cb X6"6b

) )"\ X!b X!"8b 6)"6b

8] !"c 6! X)")b X!")b

8 )"6 X!6 X!"bb !B"]

!\ 6"] X! )"Bb X)"Bb

6b 8"! !) !"8b !8"b

R?H1YH2@CB")8
R?a1@C!b<,A- R?a1@C!"cb<,



Measures of dependence

6*5"#$",1' : measure of the joint variability of two variables

! Can take both positive and negative values
! Units equal to the product of the units of the analyzed variables
! High absolute values of covariance imply a strong relationship between 

variables.
! If Cov(X" ,X! )>0, high values of X" typically occur together with high values of X!

! If Cov(X" ,X! )<0, high values of X" typically occur together with low values of X!

d+T?esG<f s@CB")8,2A-



Measures of dependence

6*5"#$",1' : measure of the joint variability of two variables

! Can take both positive and negative values
! Units equal to the product of the units of the analyzed variables
! High absolute values of covariance imply a strong relationship between 

variables.
! If Cov(X" ,X! )>0, high values of X" typically occur together with high values of X!

! If Cov(X" ,X! )<0, high values of X" typically occur together with low values of X!

Drawback: not standardized 
measure; difficult to compare 

different pairs of random 
variables with different units

d+T?esG<f s@CB")8,2A-



Measures of dependence

<'"#(*,0()1*##'&"-$*,)1*'++$1$',- : assesses the linear correlation between 
two random variables.

54#"#$)"#$'%4#"$3'""#,)%*'6$3'#77*3*#6%-8

! Values between -1 and 1, regardless the units of the random variables. 
! 0 1 2) random variables are uncorrelated or independent. 
! 0 3 2) if one variable increases, the other one tends to increase. 
! 0 1 $ 45+6$: knowing one variable implies I know the other variable through a linear 

relationship.



Measures of dependence

<'"#(*,0()1*##'&"-$*,)1*'++$1$',- : assesses the linear correlation between 
two random variables.

54#"#$)"#$'%4#"$3'""#,)%*'6$3'#77*3*#6%-8
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Multivariate Gaussian distribution



Modelling the joint distribution

=2>)/$/)?')7(');"#"4'-#$1)/$(-#$%7-$*,()$,)?''@)AB

! Infer probabilities we have not observed

! Make easier/faster computations

C"4')2*&/()+*#)47&-$5"#$"-')/$(-#$%7-$*,(D



Which distributions?

E'#'F)*,&>)-2')47&-$5"#$"-'):"7(($",)/$(-#$%7-$*,9

=2>B

! It can be manipulated analytically → wide range of applications
! Reliability
! Propagation of uncertainty (week 6)
! Observation theory (weeks 7 and 8)
! Between others

! First approach to model dependence

5,$=,+$A/-($(,$E-,A$ 3",$ K
L,$(,$ !RS< M

7),''$N1#)$,-$4),*/*&2&'(&;$
0,%#22&->$



The model: multivariate Gaussian distribution

G$5"#$"-'):"7(($",)/$(-#$%7-$*,)<H8I

where
! 7U8&V9&W: denotes the PDF of the bivariate Gaussian distribution of X" and X!

! ; V9; Ware the means of X" and X!

! <V9<Ware the standard deviations of X" and X!

! 0 is the Pearson’s correlation coefficient of X" and X!



The model: multivariate Gaussian distribution

G$5"#$"-'):"7(($",)/$(-#$%7-$*,)<H8I

J)1",)%')#'?#$--',)$,) 4"-#$1$"&+*#4)"(



The model: multivariate Gaussian distribution

G$5"#$"-'):"7(($",)/$(-#$%7-$*,)<H8I

7,1/)&/-;#$0/()&9

O#/-$1#;(,)
O#/-$1#;(,)

7,1/)&/-;#$0/()&9

6*4;#'(('/)+"(2$*,



The model: multivariate Gaussian distribution

G$5"#$"-'):"7(($",)/$(-#$%7-$*,) 6H8 I

where
! = X! AX"

8&V9&W: denotes the CDF of the bivariate Gaussian distribution of X" and X!

No closed form of the integral!



The model: multivariate Gaussian distribution



Multivariate Gaussian distribution: marginals

J+)J)4*/'&)-2')/$(-#$%7-$*,)*+)K ! ",/)K " 7($,L)")%$5"#$"-'):"7(($",)
/$(-#$%7-$*,F2*?)$()-2')7,$5"#$"-')/$(-#$%7-$*,)*+)K " B

Gaussian!
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Multivariate Gaussian distribution: marginals
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Multivariate Gaussian distribution: fitting
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By moments!
I can compute ; V9; W, <V9<W9>?@8AV9AW: to define the covariance matrix and the 
vector of means.  
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Multivariate Gaussian distribution: conditionalizing
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This is, the 01-2+#+1-'3$2+,#(+4"#+1-$15$6! .+7)-$6 "

!"#$%"&'(#)(*+,--.+/(0.-&".1,&.#/2

!"#$%&#'($'#&"#)*+,&-#.*)/*01('#*)(#2&/+$13#4*5''/*+6#$7(+#$7(#8&+,/$/&+*1#,/'$)/05$/&+#
&"#&+(#'($#8&+,/$/&+(,#$&#&$7()#/'#*9*/+#4*5''/*+

! L/+''&/-$%&'()&*+(&,-$&'$P.)&#-%2=QJ$A#$"/1#$/-/2=(&;/2$#9:)#''&,-'



Multivariate Gaussian distribution: conditionalizing
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Conditional bivariate Gaussian distribution - example
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Conditional bivariate Gaussian distribution - example
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Conditional  multivariate  Gaussian  distribution  - example

We can extend the covariance matrix on a higher 
number of dimensions.
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Given p=22mm/h, what is the distribution of Q" and Q! ? 

Note: it is a bivariate margin!!



Conditional  multivariate  Gaussian  distribution  - example
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More than two variables?
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How do you expect the 
univariate distributions to be? 
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Contents – Multivariate distributions

1. Recap & motivation

2. Set theory and basic operations

3. Continuous variables

a. Extension to multivariate & empirical 

computations

b. Measures of dependence

4. Multivariate Gaussian distribution
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What’s next?

! There is more in the textbook!

! PA: let’s do cool 3D plots and contours

! Wednesday workshop: Starve or not to 

starve?

! Friday project: Gaussian & Furious!
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And enjoy the journey!


